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Abstract

The numerical modeling of the steady flow of a yield stress fluid around a cylinder is presented. Three categories of
yielded regions are exhibited. The asymptotic behavior when the cylinder gets close to the wall is investigated. The
resolution of variational inequalities describing the flow is based on the augmented Lagrangian method and a mixed
finite element method. The localization of yield surfaces is approximated by an anisotropic auto-adaptive mesh pro-
cedure.
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1. Introduction
1.1. Overview

In this article, we study the wall effect on the flow of a Bingham fluid around a cylinder falling at constant
speed between two parallel plates (see Fig. 1). This problem may be seen as the starting point for the study
of more complex flows with particles. It can also be considered as a benchmark for testing the accuracy of
the numerical method which is used to solve it, because it contains many difficulties of different kind.
Indeed, in such a flow, some rigid zones are very small and hence are a priori difficult to get accurately.

Our problem and an analogous one, the flow around a spherical particle, have been intensively studied
for viscoelastic materials (see e.g. the recent numerical work of Huang and Feng [1] and the references
therein on the wall effect for the cylinder). Concerning yield stress fluid, references on the cylinder case are
seldom. The first experimental works lie in Yoshioka and Adachi [2] and in Brooks and Whitmore [3,4]
where the drag coeflicient is studied. To our knowledge, there exist no numerical works on the problem
presented here.
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Fig. 1. Cylinder with radius R moving at constant speed U between two parallel plates.

However, recent numerical works deal with the close case of the spherical particle. Beris et al. [5]
have studied the case of an infinite medium by a domain transformation method with the biviscous
model of Bercovier-Engelman [6]. Blackery and Mitsoulis [7] were interested in the wall effect. They
used a finite element method and the biviscous method of Papanastasiou and Tasos [8]. They consid-
ered a ratio tube/particle > 2. This case will be called here “far from cylinder”. The same study is carried
out by Beaulne and Mitsoulis [9] with the Papanastasiou’s regularization of the Herschel-Bulkley
model.

Several experimental works dealt with the spherical particle case, in the situation “far from cylinder”. A
detailed survey was carried out by Chhabra and Uhlherr [10]. The recent work of Atapattu et al. [11,12]
must be added to this survey, concerning especially the wall effect and the shape of the boundary of the
shared zones.

Finally, as far as we know, it appears in literature that

the case of the cylinder has never been numerically investigated for viscoplastic models;
¢ in both experimental and numerical works dealing with the close case of a spherical particle, the situation

where the wall is very close to the particle is never considered (i.e. when the ratio tube/particle is lower
than 2).

These are the reasons why, in the present work, an original study is given, in which the wall effect is
numerically computed, in the case of the cylinder, in the situation “near the cylinder”, i.e. when the gap
between the wall and the cylinder becomes small compared to the radius of the cylinder. The behavior of
the velocity and the stress will be established. In particular, the boundary of the shared zones and the drag
coefficient will be accurately determined.

1.2. General aspect

Let us begin with the global aspect of the flow Fig. 2. We also introduce a specific and concise termi-
nology. The flow can be viewed as four kinds of distinct zones:
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Fig. 2. Schematic cut view: deformed zones in dark grey, rigid zones in light grey, cylinder cross section in white.

(1) A surrounding dead zone contains the deformed zone. This plastic zone and the deformed zone are the
viscoplastic material within the cylinder is moving.

(2) A deformed zone lies around the cylinder. Its boundary with the surrounding dead zone is called the
surrounding envelop. This envelop touches the wall. Beris et al. [5] have determined a similar shape in
the case of spherical particle in an infinite media.

(3) Two rigid pike-shaped zones are located on the axis of the flow. These two pikes stick in front of and
behind the cylinder, and are always included within the deformed zone. In the analogous problem of the
spherical particle, they are sometimes called “polar caps” in the literature.

(4) Two oval rigid zones with pointed extremities, called almonds, lie inside the deformed zone. Both are
located within the deformed zone, between the wall and the cylinder, symmetrically with respect to
the axis of the flow.

Both the shape of the deformed zone and the existence of the pike are familiar to readers interested in
yield stress fluid flows around a translating object. Indeed, authors dealing with the flow of viscoplastic
material around a spherical particle establish those phenomena (at least for « > 1). This leads to a dis-
cussion on the precise shape of the envelop and of the pike, with respect to parameters such as « and Bi
(see for instance several references concerning the pike and the envelop in the survey by Chhabra and
Uhlherr [10]). On the other hand, the existence of almonds is an original aspect, which has never been
mentioned for the Bingham model. It has to be noted that the few works dealing with the cylinder have
never bought to light the shape of the rigid zones and hence of the almond in particular. In the case of
the spherical particle, Beaulne and Mitsoulis [9] have obtained a phenomenon analogous to almonds, in a
numerical simulation, using the biviscous model of Papanastasiou Tasos [§] for the Herschel-Bulkley
model. In this case, it is more suitable to speak of an “annulus” of rigid material surrounding the
spherical particle. Beaulne and Mitsoulis use the word “island”, instead of annulus. In this particular
case, the existence of such an annulus is possible only if the velocity field in this zone consists only in a
translation parallel to the axis of the flow. Indeed, if the rotation component of the velocity is non-zero,
then the rigid annulus must be deformed: we are led to a contradiction, and the annulus cannot exist in
the axisymmetric case. In addition, Beris et al. [5] notice the presence of a torus-shaped region where the
velocity field is ““close” to the one of a rigid solid. They also point out that it is impossible to have a rigid
zone in this torus.
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2. Problem statement

The Bingham model [13,14] is characterized by the following property: the material starts to flow only if
the applied forces exceed a certain limit oy, called the yield limit. The total Cauchy stress tensor is expressed
by

Ot = —p-1+o0,

where ¢ denotes its deviatoric part, and p is the pressure. The conservation of momentum is
Ju .
p<5—|—u-Vu> —dive+ Vp =0,

where u is the velocity field, and p the constant density. Since the fluid is assumed to be incompressible, the
mass conservation leads to

diva = 0. (1)

The constitutive equation can be written as

B " D(m) .
7= 2D(w) + a0 D it ()] £ 0,

ol < oo if [|D(u)[| =0

or equivalently:

(o) g .
1—— ) — if ||o]| > g0,
oy = (=) 1>
0 otherwise,

where gy > 0 is the yield stress, n > 0 is the plastic viscosity, D(u) = (Vu+ Vu')/2 is the rate-of-defor-
mation tensor, and, for any tensor © = (t;;), the notation ||z|| represents the following matrix norm:

1/2
It]| =v7:t= (Zri) .
ij

Notice that for oy = 0, one obtains the classical viscous incompressible fluid. When g, > 0, rigid zones in
the interior of the fluid can be observed. As o, becomes larger, these rigid zones develop.

We consider an infinite cylinder moving between two parallel plates at constant speed U (see Fig. 1). The
medium between the two plates and the cylinder is a viscoplastic fluid, described by the Bingham model. Let
R be the radius of the cylinder and 2H be the distance between the two plates. A characteristic viscous stress
is given by ¥ = nU/R. The dimensionless Bingham number is defined as the ratio of the yield stress to a
representative viscous stress:

- g ()R

=T

A dimensionless number characterizing the geometry is the ratio of the gap between the plate and the
cylinder to the radius of the cylinder:

H—-R
o=—-.
R
The flow is supposed to be slow and the inertial effects are neglected. We are looking for the stationary flow.

Thus, the conservation of momentum reduces to

Bi

dive — Vp =0. (3)
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Fig. 3. The domain of computation and the boundary conditions.

Let Oz be the axis of the cylinder, Ox be orthogonal to the plates and Oy such that (O, x,y,z) is direct.
Remarking that the flow is independent of z and symmetric with respect to Ox and Oy, the domain of
computation  is reduced consequently (see Fig. 3).

Let I'y (resp. I'y) be the intersection of 02 with the axis Ox (resp. Oy). The homogeneous Neumann
boundary condition on symmetry axis writes

c-n=0 onl,UT,. 4)
The Dirichlet boundary condition along the intersection I'. of the cylinder with 0Q2 writes
u="Ue, onI.. (5)

The domain Q is bounded in the Ox; direction, and its length, denoted L is supposed to be sufficiently large
for the flow to be fully developed i.e. when the velocity vanishes. Let I',, denote the corresponding part of
0Q. The velocity vanishes also along the plates I',,. This leads to the following homogeneous Dirichlet
boundary condition:

u=0 onI UT,. (6)

The problem writes

(P): find u and o satisfying (1)—(6).

3. Numerical method
3.1. Augmented Lagrangian algorithm
Let Xy and 7, denote the following convex sets:
Xy ={ve (H'(Q)*v=0onTIyand v=—Ue on I'p},
Vy = {v € Xy;divy =0 in Q},
and J the following functional:
J(v) = Go/gIID(V)deJrW/QIID(V)IIde.

Glowinski et al. [15] showed that the solution u of problem (P) expressed as a minimization point of J
on Vy:

minJ(v). ()

veluy



3322 N. Roquet, P. Saramito | Comput. Methods Appl. Mech. Engrg. 192 (2003) 3317-3341

Since J is non-differentiable on ¥, when ¢y > 0 due to the term [, [[D(v)||dx, the problem cannot be de-
scribed by an equation and thus requires a specific convex optimization approach (see e.g. [16]).

Let us introduce T = {r € (L(2))*;7" = 1} the space of square integrable symmetric second order
tensors. Then

y=D(u) € T. (8)
The linear constraint (8) is handled by using a Lagrange multiplier that coincides with the stress ¢ € T

2u5i0) = [ lolds+n [ IPas+ [ (W) =) o

For all » > 0, the augmented Lagrangian

Z,(u,7;0) = L(u,y;0) +r / ID(V) — 7P dx
Q

b

is quadratic and positive definite with respect to u. This implies that with ¢ and y fixed, %, can be mini-
mized with respect to u on ¥y, whereas this operation is impossible in practice for » = 0. This transfor-
mation is helpful since we can find the saddle-point of .#,, which coincides with those of ¥, by an
appropriate algorithm proposed in [17,18].

Algorithm 3.1 (Uzawa for Bingham).
initialization n = 0
Let 7° and ¢° arbitrarily chosen in T.

loop n > 1

e step 1: Assume 7" and ¢" are known, find w"*! and p"*! satisfying
—rAu"! 4+ Vpt = div(e” — 217") in Q, 9)
divu"' =0 in Q, (10)
2rD(u"™) -n= (2r)" —¢")-n on Iy, (11)
ut!'=—Ue, on I'p, (12)
ut'=0 on I. (13)

e step 2: compute explicitly y"*! as
"= f(¢" + 2rD("")) in Q. (14)
e step 3: compute explicitly ¢"*! as
"= ¢" 4+ 2r(D(") — ") inQ (15)
with the notation

0 if {|z]| < oo,

f(r) = _ 90 T -
<l |r||>2(r+17) otherwise

for any second order matrix 7. The interest of this algorithm is that it transforms the global non-differ-
entiable problem into a sequence of completely standard computations. Indeed, (9)—(13) in step 1 is a
Stokes problem while steps 2 and 3 are explicit computations. The convergence of Algorithm 3.1 is ensured
by theorems [17,18] for all » > 0.
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3.2. Mixed finite element approximation

Let a and b the following bilinear forms defined by:

a(u,y;v,0) :2r/ (y — D(u)) : (5—D(V))dx+211/gy : 0dx,

Q

biv.050.p) = |

Q

o:(D(v) —0)dx — /pdivvdx,
Q
and j be the following convex Ls.c. proper functional

J(7) = o / Iy d.

Then (u, y; 0) is a saddle-point of ., if and only if it satisfies the following variational problem:
(FV) :find (u,y;0,p) € Xy x T x T x L*(Q) such that

]((S) _](V) —l—a(u,y;v— ll,5 - 7) —|—b(V —u,(3 - V?Uap) = 07
b(u,y;:¢,q) =0,
for all (v,0;¢,q) € Xy x T x T x L*(Q). Let H, C (H'(?))*, D, C T, T, C T and O, C L*(Q) be some finite
dimensional spaces. We introduce also X, = Xy N H,.
The finite dimensional version of the variational inequalities is simply obtained by replacing convex sets
by their finite dimensional counterparts:

(FV), « tind(w,, y;; 04, pn) € Xn X Dy X T, x O, such that

](5) _](Vh) + a(uhayh;v — Uy, 0 — Vh) + b(V — Uy, 0 — s Uhvph) = 07
b(uhayh;iaq) = 07

for all (v,0;&,q) € X, x Dy X Tj, X Q.
The choice D, = T, leads to 7, = R,(D(u;)), where R, denotes the L? projection from T on T}, defined by

RS €T, and /(Rhé):fdx:/ésédx VEE T,
Q Q

For gy = 0 the problem reduces to a linear one that fits the theory of mixed finite elements (see e.g. [19]). In
that case o, = 2nD(u;) and the problem reduces to the following linear elliptic one:

(S), : find(w,, py) € X, x O, such that

217 fQRhD(uh) D(V)dx—|—2rfg (I —Rh)D(llh) : ([ —R],)D(V)dx
— Jopudivvdx =0,
— Joqdivu,dx =0,

for all (v,q) € X;, x Q,. Clearly, when R;, # I i.e. when T}, # D(H,) the discrete solution u, depends upon the
numerical parameter r > 0 of the augmented Lagrangian method. This property is not desirable. A nec-
essary and sufficient condition for the solution w, of (FV), to be independent of the parameter r is
T, = D(H,). Then, problem (S), reduces to a classical Stokes problem. Many pairs of spaces (Hj,Os)
suitable for this problem can be found in [19]. In this paper, we choose the well-known Taylor—-Hood finite
element method.

Let 7, be a finite element mesh of 2 composed of triangles and let €, be the resulting approximation of
the domain Q. We introduce the space H,, of continuous piecewise polynomial quadratic functions (P, — C?)
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u Py — " o and y: P, — C™! p: P —CY

Fig. 4. The finite element approximation.

and the space 0, of continuous piecewise linear functions (P, — C°). Thus D, = T, = D(H,) is the space of
discontinuous piecewise linear function (P, — C~!). Fig. 4 represents the mixed finite element approxima-
tion. It can be shown (see [20,21]) that the discrete problem (FV'), admits a solution with u, and dj, uniquely
determined. This quadratic approximation of the velocity field leads to high precision results and is well-
suited to exhibit fine flow patterns.

3.3. Resolution of the Stokes subproblem

The finite element method leads to a discrete version of Algorithm 3.1. At step 1, we get a Stokes problem
(9)—(13) discretized by the Taylor—-Hood element. This gives the classical matrix problem:

A BN\ (W\ _(F
B 0 P) \G
which is solved again by an Augmented Lagrangian algorithm [18].

Algorithm 3.2 (Uzawa for Stokes).
initialization k = 0
Let P° arbitrarily chosen.
loop k > 1
e step 1: Let P being known, find W* such that
(A+7B"B)yW*' = F + B"G — B"P.
e step 2:
Pk+1 = Pk+FBWk+1.
The parameter 7 is fixed at 107, i.e. the inverse of the square root of the machine precision, in order to

ensure very fast convergence of this subproblem. For the computation of W*! the matrix 4 + 7B"B is
factorized once and for all, before the global iteration of Algorithm 3.1, with a LDLT method.

3.4. Using quadrature formulae for the constitutive equation

The explicit computation of y"*! at step 2 of Algorithm 3.1 is characterized as the solution of the fol-
lowing minimization problem:

pot i argminy +0) [ ol ar+an [ o= [ o+ 200 s e

oeT
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or equivalently, as the solution of the following variational inequality:

find y"*! € T satisfying for all 6 € T

200+9) [+ 0=k [oac- [rtar) > [ @@ o

This variational inequality is approximated by replacing 7 by 7, and by using the following quadrature
formulae on each triangle K € 7 :

. meas(K) <
/"/K g dx ~ % Ik (@ix) : Ok (aix),
Q 1

i=

meas(K) <
e~ "E S oc(a]

i=1
for all y,, dx € P(K), where a;x denotes the ith vertex of the triangle K, i = 1,2, 3. As a consequence, the
discrete variational formulation leads to a discrete explicit expression similar to 3.1 on each vertex of each
triangle of the mesh, since the approximation 7} "' of y"*! is discontinuous and piecewise linear:

ik (i) = f (o aix) +2rD(wyl ) (aix)) VK € Ty, i=1,2,3.

Thus the discrete version of the second step of Algorithm 3.1 is also explicit. Notice that the third step
remains unchanged in the discrete version.

3.5. Mesh adaptation

A bidimensional anisotropic mesh generator BAMG [22] (see also Borouchaki et al. [23]) has been used.
Let us first summarize on which principles this generator is based. Let 7 be an initial mesh and u, be the
solution of problem (FV'), associated to 7. Let ¢, be the governing field to be suitably chosen from the
solution uy.

The governing field ¢, is approximated by a piecewise linear and continuous function ¢,, over each
triangle K € 7, and the error of interpolation in the unitary direction d € R? is estimated by

*p,
od’
where Ak 4 is the length of K in the d direction,

exd = h12<,d in K,

0’ Do

ol d’ - Hy; - d
and H,; denotes a piecewise linear approximation of the Hessian of ¢,
P, oy
Ooxz  OxQy
H =
(90) o2 ®0 2 ®o
ox0y  0y?

The discrete Hessian Hy,, is obtained from ¢, by computing first the discrete gradient g ,, continuous and
piecewise linear, from the variational formula:

/goAh 'Vhdx:/V(/’o,h - v, dx,
Q Q
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where v, is any continuous piecewise linear vector. Then H, is obtained from the variational formula:

/HO,h . ‘c;,dx = /D(go,h) LTy dx,
Q Q

where 7, is any continuous piecewise linear tensor.

Following Vallet [24], a possibility to adapt the mesh to the computation of ¢, is to equi-distribute this
error, i.e. to make it constant over all triangles and in all directions. Let 4;, 4, be the eigenvalues of H,, and
d, and d, the associated eigenvectors:

62(Po _

az
(Po = 7 = iz.
od2

=/A and
od?

The error ek 4 is independent of d and K when ex 4, = exq,, i.6. When
h%{ﬂl 21| = hf(,d2|)v2| =c¢ VK e€T,,

where ¢y > 0 is a constant independent of K. The constant ¢, represents a global surface density factor: the
adapted mesh generator tries to shrink elements in all directions with a factor ,/cy and element areas are
thus reduced by a factor ¢.

The discrete Hessian H,; being known over K, we suppose that Hy, is non-singular, i.e. 4,4, # 0. The
constant ¢y being known, we want to build triangles of length 4, in the d; direction with A, = /co /|4,
i = 1,2. Such a triangle has no privileged direction in a metric such that the two 4;d; vectors, i = 1,2, have
the same norm. Thus, we introduce the metric M(¢,), the eigenvectors as column of Hy, with the corre-
sponding || and |4,|. The induced norm || - ||,, satisfies

1hdilyy = hxrJd] - M(oq) - di = \Jeo, k=12

Thus, an isotropic mesh in the Riemann space associated to the metric M(¢,) is a mesh extended in the
Euclidean space with a factor /4; in the d; direction.

It remains to choose a suitable ¢,. In the present case, this is a theoretical open problem. Several ex-
periences of simulations have led us to the square root of the dissipative energy:

9o = (n|D(wo)|* + oo D(wy) ).

The Hessian of such a governing field is expected to be singular in the vicinity of the boundary of the rigid
zones, since the velocity solution of a Bingham flow problem is in general not in H*(Q). Hence, the gen-
erator will be forced to refine the mesh where accuracy is needed (see also [25]).

Solving a problem using a mesh adaptation is an iterative process, which involves three main steps:

1. Starting from an initial mesh .7, the problem is solved using the augmented Lagrangian algorithm. Let
u, be the corresponding solution associated to the mesh 7.

2. Let ¢, = (5]|[D(wo)|* + 60|[D(wy)||)"* be the governing field. This field must emphasize regions where the
solution has high gradients, so that the mesh generator refines these regions.

3. Starting from the governing field ¢, on the mesh 7, the anisotropic mesh generator (see Borouchaki
et al. [23] and Hecht [22]) generates a totally new mesh, denoted by 7.

Then, 77| is used to solve the problem, and so on, until the obtained solution gets clear limits between
shear zones and rigid zones with no more jagged borders.
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Fig. 5. Four quasi-uniform meshes used for the validation on the Couette flow.

3.6. Convergence tests with respect to mesh

Concerning the finite element approximation, sharp estimates are known in the case of a flow in a pipe
(see Glowinski [26], Falk and Mercier [27], Glowinski et al. [15, Appendix 5] and Roquet et al. [25]). In
more general cases (as the present case) Han and Reddy [28] have established a general error estimate on
velocity and applied their estimate to the Pj-iso-P; approximation of the velocity—pressure. No estimate

seems to be known about convergence with P, approximation of the velocity. Hence, it is necessary to check
the convergence of the finite element approximation, in order:

(1) to validate our code,
(2) to estimate the order of convergence.

In the case of a Couette flow, the solution is explicitly known and it is possible to compute the following
norms of the error e, = u, — IIu

12
|mm:(/nm—mﬂﬁ0,
Q

lleall~ = sup [lu, — ITjull,

XEQy,

12
nmm=(4|mm—mmWM),
h

10t

el
1072

1072

104

5 | |
1 2

|
1
8

Fig. 6. Convergence curve: quasi-uniform meshes (Bi = 10).
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initial iteration 1 iteration 2 iteration 15

Fig. 7. Four meshes from the adaptation cycle used for the validation on the Couette flow.

1071

leall |

1072

1075 :
0 1 15

Fig. 8. Convergence curve: adaptive meshes (Bi = 10).

where I1,u denotes the P, Lagrange interpolate of u on @,. The error measure was first achieved on the
quasi-uniform meshes presented in Fig. 5, and the convergence curve is shown in Fig. 6. We can clearly
observe the convergence with an average rate of 1.43 for the energy norm. Furthermore, the efficiency of the
adaptation process was measured; Fig. 7 shows some successive meshes of an adaptation cycle and Fig. 8
shows the error during this cycle. On these curves, the improvement of the accuracy is clear.

4. Numerical results
4.1. Determination of rigid zones

Rigid zones have been determined by using the Von Mises criterion, applied to the discrete field a;,; the
boundary of the rigid zones is then defined by the isovalue: ||g;|| = 6¢. The stream function is computed by
a piecewise quadratic continuous approximation of the problem (see also Fig. 3):

—AY =rotu, in Q,
Yy=-Ux onl,
Yy=0 onl Ul UT,,

)
%:0 on I,.
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This means in particular that we consider here the motion of the cylinder inside a material which is passive
when away from the cylinder.

4.2. Effect of mesh adaptation

The different zones of the flow have very different sizes. In particular, the pike can be very small. Hence, it
is important to have a well fitted mesh to know its shape accurately. This appears clearly in the works of
Beris et al. where a well-suited mesh ([5], Fig. 3, p. 227) leads to the capture of the curvature of the pike (see
Fig. 9, p. 233) and of the envelop, in the case of a spherical particle in an infinite medium. This idea is
reinforced by the works of Blackery and Mitsoulis [7], where a non-adapted mesh leads to a less accurate
solution (see the comparison of the two works in [7], Fig. 12, p. 74).

In the present work, an initial mesh is designed for each value of o. This mesh is purposely set uniform
and coarse, in order not to influence the mesh adaptation process by presuming the aspect of the final
solution. The purpose here is then to show that the mesh becomes automatically adapted to the sharper
details (for instance, the shape of the pike), be the aspect of the solution known or not.

The initial meshes do not have the same size: the initial mesh size step #° = h°(«) depends on o. Indeed,
having #° constant (for different values of o) implies to take A° equal to the smallest value of o used (because
at least an element is needed in the gap). This would lead to initial meshes with unnecessary high density if o
is large. As for an example, if 2° = o, = 1/16, then 32 elements lie in the gap for o = 2. This seems too
dense for an initial mesh.

We have chosen /°(«) such that:

o,y J1/2 si az=1/2,
h(“){oc sio o< 1/2.

Thus, there is at least one element in the gap for small values of .

In what follows, except when otherwise is explicitly mentioned, the parameters are fixed to the values
o =1 and Bi = 10. The value of the global mesh density parameter ¢, as introduced in paragraph 3.5, is
fixed to ¢y = 1/2.

Fig. 9 shows how the solution improves in accuracy during an adaptation cycle. The initial mesh (N = 0)
is coarse, hence, the envelop itself is very rough. Moreover, the almond and the pike do not appear on this
first mesh. The second mesh (N = 1) is clearly more dense in the deformed zone, in particular in the gap.
Hence, the almond appears on this mesh. In addition, the shape of the envelop becomes more distinct. The
next mesh (N = 2) begins to be adapted to the different free boundaries. The shape of the envelop and of
the almond are readable and the pike appears for the first time. The last mesh of the cycle (N = 9) is clearly
strengthened on the free boundaries. It is also less dense than the second one (N = 1) in the parts of de-
formed zone where the energy dissipation is low (i.e. in the deformed zone but far from the gap).

The stream lines become readable faster than the boundaries of the rigid zones do, because the ap-
proximation of the stream function is more accurate (P) than the approximation of the stress tensor (P -
discontinuous). In particular, the envelop and the boundary of the vortex can clearly be identified from the
first adapted mesh.

Details of the mesh and of the boundaries of the rigid zones are exhibited in Fig. 10. It shows in par-
ticular that the triangles are stretched along the boundaries of the pike and the almond, and that these
boundaries are smooth.

It means that the process used here allows one to determine very accurately the curvature of the free
boundaries of the rigid zones. In particular, the specific case of Fig. 10 establishes clearly that the pike is not
round and that the almond is convex, with pointed extremities.

Another important fact for the mesh adaptation process must be pointed out: the stress at the top of the
cylinder (i.e. at the point facing the wall) is singular. It is then necessary to obtain a mesh fine enough and



3330 N. Roquet, P. Saramito | Comput. Methods Appl. Mech. Engrg. 192 (2003) 3317-3341

initial

iteration 1

iteration 2

S

1

iteration 9

v

Fig. 9. Example of an adaptation cycle, Bi = 10 and « = 1. Left column: four meshes of a neighborhood of the cylinder (cross section
in white); Right column: corresponding to each mesh—rigid zones (light grey), deformed zone (dark grey), stream lines.

adapted to this singularity. Fig. 11a shows a zoom of the last mesh (N = 9) of the adaptation cycle, in the
neighborhood of the singularity. In Fig. 11b, the quantity ||o|| is drawn on this area, along the symmetry
axis (of the gap). The curve obtained shows the necessity of having triangles of size locally lower than 1072
in order to catch the value of the singularity index. (Fig. 12).

In the particular case Bi = 10 and o = 1/4, Fig. 13 shows how the profile of ||g|| — Bi improves in ac-
curacy on the axis parallel to the direction of flow, when the global surface density factor varies: ¢y = 27"
for n =0, 1,2. The curve for ¢y = 1 is distinct from the two curves ¢y = 1/2 and ¢, = 1/4 which are almost
the same. This points out an important fact: the convergence on this axis of the boundaries y, of the pike
and y. of the envelop.
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Fig. 10. Some specific aspects of the last mesh from a adaptation cycle (Bi = 10 and o = 1); flow computed on this mesh (rigid zones in

light grey, deformed zone in dark grey, streamlines): (a) global aspect; (b) zoom on the dead pike; (c) zoom on all the gap; (d) zoom on
the vortex at the top of the cylinder.

4.3. When the cylinder becomes close to the wall

Let us now begin to observe the role of « in the different phenomena described above.

First, note in Figs. 14-16 that the decreasing of « leads to a reduction of the area of the almond, the pike
and the deformed zone. In particular, the total width (in the direction of the flow) of the envelop is de-
creasing. Likewise, the almond flattens when o decreases and its oval (and pointed) shape is kept while its
area reduces (Fig. 15). The pike also has a decreasing area while its shape is kept almost identical (Fig. 16).
Notice that the almonds in Fig. 15 are shown magnified on the axis of the gap, i.e. the gap length « is
represented with a constant length 1. This representation allows to compare the relative size of the almonds
in the gap as o varies and to observe a clear reduction of this relative size when o decreases.
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Fig. 11. Neighborhood of the top of the cylinder (Bi = 10 and « = 1): (a) zoom in the last mesh of an adaptation cycle; (b) singularity

of ||al|.
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Fig. 12. Singularity of ||o|| near the top of the cylinder for the meshes (0 <i<9) from an adaptation cycle (Bi = 10 and o = 1).
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Fig. 13. Refinement of ||| on the flow axis, in front of the cylinder (Bi = 10, « = 1/4 and ¢, € {1/4;1/2;1}).
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Fig. 14. Rigid zones (light grey), sheared zone (dark grey) and streamlines around the cylinder (white cross section), computed for
some values of o and Bi = 10.

Let us consider the streamlines Fig. 14. These lines correspond to the trajectories of the particles of
material whose motion is due to the one of the cylinder. Each particle thrown in front of the cylinder comes
back to its initial position after the cylinder has passed. Two kinds of streamlines can be identified. On the
one hand, some lines start horizontally from the cylinder, describe smooth curves which are surrounding
the cylinder, and come back symmetrically in contact with it. In particular, the streamline y = 10~° un-
derlines the boundary of the envelop. On the other hand, the velocity at the wall (of the plate) being zero,
there exists another point on the axis of the gap where the velocity is again zero. The particles located
between this particular point and the cylinder have a loop-like trajectory. Hence, this point where the
velocity is zero is the center of a small vortex located just over the top of the cylinder. The boundary line of
this vortex corresponds to the isovalue y = —1. In the gap, the streamlines grow closer as o decreases,
showing the increasing of the shear-stress in this region. In Fig. 15, we can see that, for a fixed value of «,
the distance between two consecutive streamlines remains constant, in accordance with the fact that the
almond is a rigid zone. When o decreases, the vortex flattens while the value of v decreases in its center.
This can mean an increasing shear-stress inasmuch as iy does not decreases so fast (this aspect will be
studied further with the velocity and the stress on the axis of the gap). In Fig. 16, the streamlines are
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Fig. 15. Rigid almond (light grey), sheared zone (dark grey) and streamlines in all the gap, computed for some values of « and Bi = 10.
Zoom on the vortex at the top of the cylinder.
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Fig. 16. Dead pike (light grey) sticked at the cylinder (white cross section), sheared zone (dark grey) and streamlines in front of the
cylinder, computed for some values of o and Bi = 10.
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horizontal in all the rigid region. Indeed, the velocity is constant and parallel to the axis of the flow in this
zone because the pike is a dead zone with the same motion as the cylinder.
All those different aspects will be detailed and developed in the following sections.

4.4. Analysis of wall effect on velocity and stress

The purpose of this section is to study the geometric effects (i.e. the dependence on o), for Bi # 0. That is
the reason why Bi has been fixed at a constant value: Bi = 10.

The geometric domain of computation was taken sufficiently long to ensure that the solution does not
depend on it. In that purpose, the position y, of the boundary of the envelop on the symmetry axis parallel
to the flow was measured for different values of the length L (in the direction of this axis) of the domain. For
each value of o, the computation has been achieved for L = 10R and L = 5R: no significant changes were
observed on the value of y.. Hence the value L = 5R was chosen.

4.4.1. Behavior along the axis of the gap

The behavior of the solution in the gap will now be considered in details. In particular, the variations of
the stress and velocity along this axis will be observed. The rescaled abscissa ¥ = (x — 1) /o (€]0; 1] for
x €]1; 1 + af) will be preferably used in order to make the comparison easier between those quantities for
different values of a.

Let us first analyze how the stress tensor o depends on «. Fig. 17a shows ||g|| along the symmetry axis (of
the gap), for some values of o, with respect to the values of ¥ €]0; 1[ (previously defined). Each curve grows
to +oo when ¥ goes to 0, decreases to 0 at a point X(«), then ||g|| — Bi is positive again at a point
X2(a) > X1 (o) and finally increases to a finite value at X = 1. This is due to three phenomena:

(1) the stress is singular at the top of the cylinder (due to the geometry),
(2) there exists a rigid zone (where ||o|| < Bi), the almond, located in the middle of the gap,
(3) the shear is high at the wall (due to the small value of ).

The shear raises at the wall when o decreases. This is characteristic in the wall affect, at least when no-slip
condition is set at the wall (see for instance the works mentioned in introduction).

The singularity of the stress is also a well-known phenomenon for flows in this kind of geometry. Fig. 18a
shows ||g|| in the neighborhood of the singularity, for some values of «. More precisely, near x = 1 we have:

lo@)l| = Bi = e(e)(x = 1),

cla) =ca? a<l,

where ¢* is a constant independent of Bi, o and x. The coefficient ¢(o) is shown in Fig. 18b.

The presence of the almond is less classical. The relative size of the almond defined by X, — X; decreases
when o tends to 0, as shown in Fig. 17b. The evolution of the boundaries x; and %, is plotted with respect to
the values . When o decreases, the representative curve of x; raises and converges to the limit value
%1(0) = 1/2. On the other hand, the representative curve of X, can be split into two monotonic parts. For o
decreasing to 1, X, is raised to a maximum. In a second part, when o tends to 0, X, decreases to the limit
value %,(0) = 1/2. Moreover, for <1 the almond moves to the center of the gap, whereas for o > 1 the
almond is closer to the cylinder and further from the wall. In addition, for o < 1, the relative size of the
almond seems to tend to 0 when o tends to 0. This phenomenon is not obvious. Indeed, it would not have
been irrelevant to consider the following hypothesis: the relative size X, — X; is a constant ¢. It would mean
in fact that the “real” size of the almond is x, (o) — x; () = co (and such a formula is possible if ¢ < 1). In
the present case, the almond flattens faster than the gap reduces. The evolution of the relative size of the
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Fig. 17. Length of the rigid almond in the gap (Bi = 10): (a) ||g|| on the symmetry axis crossing the gap, for some values of «; (b)
boundaries x; and x, of the almond on this axis as a function of «.

almond highlights the central role of the value o = 1. This special value permits to separate situations “‘far
from cylinder” (« > 1) from situations “near the cylinder” (« < 1).

Fig. 19 shows the velocity profile u; in the gap, along the symmetry axis, for some values of «. The curves
look like a ““tilted” mono-dimensional Poiseuille profile. More precisely, a slanted central plateau exhibits a
solid rigid motion. This motion corresponds to the rigid almond (previously identified) and adds an in-
formation: the material is in rotation in this almond (the rotation rate being the slope of the plateau). Fig.
19b allows to compare the relative length of the plateau, with respect to the value of . As already noticed
with the analysis of the stress, the relative length decreases with & when o < 1. This analysis of the velocity
leads to study carefully the vorticity rot u (note that the comparison of the slope of the plateau is not
obvious in Fig. 19b, because of the factor « in the rescaled representation with the abscissa X).

The field rot u is represented in Fig. 20 for some values of «. Again, a plateau occurs, corresponding to
the slope of the plateau observed in the velocity profile. Hence, the value of rot u in the plateau is the
rotation speed in the rigid almond.

The representation of rot u with respect to x, in the neighborhood of the plateau (Fig. 20c) shows the
increase in the rotation speed w in the almond, when o decreases. This increase is shown in Fig. 20d. The
rotation speed w tends to infinity when o tends to 0. More accurately, the following approximation holds:

o(a) =cp, o 'Pu < 1.
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Fig. 18. Singularity of ||g|| at the top of the cylinder (Bi = 10): (a) ||o| on the symmetry axis crossing the gap, near the cylinder, for
some values of ; (b) coefficient c(«) of the singularity in the formula ||¢|| = c¢(x)(x — 1)**%.
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Fig. 19. Velocity on the symmetry axis crossing the gap (Bi = 10) for some values of o: (a) superimposition of the curves; (b) rescaling
of the gap from ]0; o[ to ]0; 1].

4.4.2. Behavior along the axis of the flow

Let us now consider the behavior of the velocity and stress along the axis parallel to the direction of the
flow.

Fig. 21a represents the velocity profiles on this axis, for several values of «. The velocity remains constant
and equal to —e, over a short distance near the cylinder, further the velocity increases until it reaches the
constant value 0. The span over which the velocity changes is reducing when o tends to 0 and seems to reach
a positive constant distance. This suggests that the deformed zone on this axis does not vanish.

Let us further observe the stress on this symmetry axis, for several values of «, Fig. 21b. Note the re-
duction of the length y, of the pike and y. of the deformed zone when « decreases. This is in good
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Fig. 20. Vorticity rot (u) on the symmetry axis crossing the gap (Bi = 10) for some values of «: (a) as a function of x — 1, (b) as a
function of %, (c) zoom in the neighborhood of the plateau. (d) Rotation speed w in the almond as a function of «.
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Fig. 21. Behavior around the cylinder, on the symmetry axis of the flow (Bi = 10), for several values of a: (a) velocity profile; (b) ||o]-.
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accordance with the previous observations on the velocity. In addition, when o reduces, the intensity of the
stress increases. In particular, the maximum of ||¢|| increases.

The length y;, of the pike and the length y. of the deformed zone are shown, with their dependence on «, in
Fig. 22. This confirms the previous observation that y, and y, tend to two distinct finite positive values when
o tends to 0.

4.4.3. Drag coefficient
The drag coefficient has been computed following the definition (Batchelor [29], p. 229):

11 ) X
(:D = %;;Z;E X }5 X j‘; (G}ot‘ n) -ex(ls = éé;,
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Fig. 22. Boundaries y, of the pike and y. of the envelop on the symmetry axis of the flow (Bi = 10), as a function of o.
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Fig. 23. Drag coefficient Cy = X /Re as a function of « (Bi = 10).
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where the star index * is related to dimensioned quantities and

X == / (O-t()t . n) . exds
ey

is the quantity computed and shown in Fig. 23, with its dependence on « and for Bi = 10. This gives the

asymptotic behavior of X, for o <« 1:

X=Coa?* oaxl.

5. Conclusion

The objective of this work is to compute the steady flow of a yield stress fluid around a cylinder. The
development of macroscopic features, such as rigid zone enhancements is examined. An important result is
the determination of the asymptotic behavior when the cylinder gets close the wall (i.e. o tends to zero).
New results have been established at the vicinity of « = 0 and are summarized as:

The drag coefficient grows to infinity as o %/4.

The relative length of the almond tends to 0 and the vorticity inside it grows to infinity as «
e The length of the pike and also the length of the envelop tend to finite and positive values, which are

clearly distinct. The velocity profile also tends to a limit curve.

e The stress o is singular at the top of the cylinder and the singularity index does not depend on «. The law

describing ||o|| has been obtained in a neighborhood of the top of the cylinder, at the vicinity of o = 0.

—16/25

These new and sharp results confirm, in a complex case, the practical efficiency of the numerical reso-
lution of the Bingham model, which was already analyzed in our previous works, from both theoretical [25]
and numerical [30] points of view. The results of the present paper fully validate, to our opinion, the ro-
bustness and the accuracy of our numerical strategy. Our approach combines a high order mixed finite
element approximation, an anisotropic auto-adaptive mesh procedure, and the augmented Lagrangian
method. The adaptive strategy allows accurate capture of the yield surfaces, even in the difficult case when
the cylinder becomes close to the wall.
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