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. INTRODUCTION

The Lagrange-Galerkin method, has been proposed for the numerical treatment of convection-
dominated diffusion equation (see [1—4]). It is based on combining a Galerkin finite element
procedure with a special discretization of the material derivative along trajectories and has been
shown to possess remarkable stability properties. Pironneau [5—8] have studied a characteristic
finite element method for the Navier-Stokes equations. Other authors have used this method for
the study and the simulation of viscoelastic fluid flows (see [9, 10]). In those works the first order
characteristic finite element method is analyzed and used successfully. As for higher order
methods, Pironneau et al. [8, 11] have mentioned a second-order Runge-Kutta (RK) approxi-
mation to the material derivative term, but they did not give a correct second-order approxi-
mation to the diffusion term. Hence, the final scheme is not of second order in time increment.
For the convection-diffusion problems, Rui and Tabata [12] use also the second-order RK
approximation to the material derivative term and point out that the scheme is second order in
time increment.
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The object of this article is to present optimal error estimates for a second-order Lagrange-
Galerkin mixed finite element approximation of the Navier-Stokes equation. We also use the
second-order RK method to approximate the material derivative term. Our point is to evaluate
the convection term at the correct position to maintain a second-order accuracy in time
increment Az. Consequently we need an additional correction term of order At.

An outline of the article follows. In the next section a discretization of the Lagrangian
material derivative along particle trajectories is introduced. The variational form of our second-
order characteristic-mixed method, which we define in section 3. Section 4 is devoted to the
convergence analysis of the Lagrange-Galerkin method, followed by the conclusion.

Il. STATEMENT OF THE PROBLEM

Let Q) denote a bounded open subset of R? (d = 2, 3) with a lipschitz continuous boundary 9€).
In the following we shall use the classical Sobolev spaces W*7(Q)) and WP(Q),s = 0,1 =p =
%, endowed with the norm |||, , and the seminorm ||, , [13]. For p = 2, W**(Q) will be denoted
by H*({)) and, if there is no ambiguity, we drop the subscript p = 2 in the corresponding norms
and the seminorms. The dual space of Hy({2) will be denoted by H *({)). We denote by C (0
the space of lipschitz continuous functions on the closure of (). Let T be a positive real number.
For a real Banach space Y: LP(Y), H*(Y), and C™(Y) will denote the spaces L”(0, T; Y), H*(0,
T, Y), and C™([0, T]; Y), respectively. In the cylindrical domain ) X (0, T), we consider the
Navier-Stokes equations:

ou
(NS) E—Fu'Vu— vAu+ Vp=f
Veu=0,
with the boundary condition
uloQ) = 0,

and the initial condition
u(x, 0) = uy(x).

In these equations, u(x, ?) is the velocity of the fluid, p(x, f) is the pressure, v is the viscosity,
f(x, 1) is a density of body forces per unit mass, and i, is the initial velocity.

The following special function spaces are well suited to the Navier-Stokes equations: V = {v
EH) |V:v=0inQ},H={vEL*Q)'|V-v=0inQand v+ = 0 on 9}, where
7i is the unit outward normal to a€). L3(2) will denote the subspace of functions of L*({)) with
zero mean on ().

For fand u, given, f € L*(H'(Q)“), u, € H, the mixed finite element approximation of (NS)
problem is based on the following saddle-point weak formulation: find (u, p) € [L*(L*(Q)%) N
LA(H) )] X LA(L3(€)) such that

ﬁ(u v) + ((u*Vu, v) + v(Vu, Vo) — (V- v, p) = {f, v) Vv € Hy(Q)?
(WNS){dt ’ ’ P ’ 0

Veu,q)=0 Vg € L),
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where the inner products are to be interpreted to be in L? and (,) is the duality pairing between
HYQ)? and H™'(Q)“. Hereafter we assume that ) is regular in the sense that the mapping
—vAu + Vp is an isomorphism from [H*(Q)? N V] X [H'(Q) N L3(Q)] onto L*(Q)". For
instance, () is regular if () is of class C? or ) is a convex plane polygonal domain (see [14]).

Theorem 2.1. Assume that (f, uy) € L*(L*(Q)%) X V, then problem (WNS) has a unique
solution (u, p) in [L*(H*(Q)%) N H'(L*Q)Y) N C(V)] X LXH'(Q)).

For the proof, we refer for example to [15]. Under the assumptions of Theorem 2.1, D,u =
dulot + (u + V)u, the material derivative of u, belonging to L*(L*(Q)%), so that problem (WNS)
can be rewritten as

(D, v) + v(Vu, Vo) — (V- v, p) = ([, v) Yo € H(Q),
(MNS){(V ‘U, q) =0 Vg € L2,

The crucial aspect of the Lagrange-Galerkin method is the discretisation of the material
derivative along trajectories.

A. Discretisation of the Material Derivative: Presentation

The lagrangian representation of the flow is based on the function X : (x, #; 5) € Q X (0, T)?
— X(x, t; ) is the position at time s of the particle of fluid, which is at point x at time s = .
Thus, s — X(x, t; s) is the parametric representation of the trajectories may be determined from
the initial value problem

d
gX(x, t;s) = uX(x, t; 5), s)
X(x, t; 1) = x. (2.1)

Lemma 2.2. Assume that u € C(C*'(Q)%) N C(V). If |t — s| is sufficiently small, then x — X(x,

t; §) is a quasi-isometric homeomorphism of ) onto itself and its jacobian equals 1 a.e. on ().
Proof. See [18]. u
In the next, we exploit the following second-order finite difference scheme:

o(t) — o(t — A1)
At

o' (t+ At/2) = + 0(A?),

where ¢ belongs to C>. In [12], Rui and Tabata adapted this idea to the linear diffusion-
convection problem:

(DC): find ¢ defined in Q X ]0, 7] such that

D
D—qtb (x, 1) —Ad(x, 1) = f (x,) EQ X10, T[
d(0) = ¢ x € Q,

where Dp/Dt = dp/or + u. V¢ and the velocity field u of the convected derivative is given.
These authors introduced the scheme
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¢"(x) = " VX (x, 1,3 1,-0)) (A" () + (A" (X(x, 1,5 1,-1))
At B 2 = f(x, timam)

(1)(0)()5) = ¢o(x),

where ¢, = nAr and Ar = T/M.
This scheme is not suitable for a variational formulation because of the presence of the term
(Ad G DyX(x, t,; t,—1)). Thus, this term is rewritten. For all ¢ defined in

d

9 M 3% 9
axi ((P (x7 tn’ tnfl)) - axi (xa tn’ tnfl) 9x ( (x’ tn? tn*l))-

j=1 J

Introducing the jacobian matrix

; <6X,->
0x; léi,jsd’

this identity becomes
(V)X (x, .5 t,-1) = T (x, 1,5 1,2 ) V(@(X(x, 1,5 1,-1))).

From the first-order approximation of X(x, 7,; t,,_,):

X\ (x, t,; t,1) = x — Atu(x, t,_,), (2.2)
of the trajectory, these authors exhibit a second-order approximation of J '

JT(x, t; t,) =1+ At(Vu)T(x, t,_,) + O(AF).
Thus,
(Vo) (X(x, 1,5 1,-1)) = (I + At(Vu) " (x, 1,-))V(e(X(x, 1,5 1,-1))) + O(AP).
On the other hand, for all € defined in (), we have the identity

V- (Vué) =V(V-u)é+ (Vu)VE,
recall that V - u = 0. Then choosing & = o(X(-, t,; t,,_,)), we get
(Vo) (X(x, 1,5 1,-1)) = VIe(X(x, 1,5 1,-))] + AtV - [Vu(x, 1, ) @(X(x, 1,5 1,-1))] + O(Ar?)

or by expanding at the component level:
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9 o du
< qD)(X(X, s t,1)) = 2 {(51',]' + At axl> e(X(x, 1,3 tn—l))} + O(Ar.

0X; ax;
j=1

)

Finally, by choosing ¢ = V¢ “ " and after summation over the indices:

(A" N(X(x, t,5 t,-1)) = V-[(I + AtVu(x, t,-)) (V" ") (X(x, 1,5 1,-1))] + O(AP).
(2.3)

Using a second-order approximation X5~ " of X(x, t,; t,_,), Rui and Tabata [12] introduce
the following second-order scheme:

d)(n) _ d)(nfl) ° Xgn—l)
At

) VTG (1 ATU (V) X0 = )

d)(O) = (;b()’

where u” " denotes u(, ,_,) and X{" " is a first-order approximation of X(x, t,; t, _,). In [12],

subject to an initial condition X(x, t,,; f,;) = x we get approximate value of X(x, 7, ; *) at
t, by the Euler method and the second-order Runge-Kutta method, respectively,

Xi(x) = x — u"(x)Ar

Xi(x) = x — u"" VI (x — u"(x)At/2)At.

As application to the (MNS) problem, we take in the coming development u; = ¢, (i = 1, d).
Concerning X; (i = 1, 2), we give the following useful result.

Lemma 2.3.  Under the condition At = 1/||u|co w1y, it holds that X(Q) = X5(Q) = Q and
there exists a constant C independent of At such that for all v € (L*(Q))?

loe Xill = (1 + CADlv

|, i=1,2.

Proof. We only show a proof in the case i = 1. Let d,(x) = distance(x, d{)) for x € ().
Since u vanishes on the boundary, it holds that

1X1(x) — x| = Atulx, 1,)| = d,(x) Atl|ul cowr =y < d; (x),

which implies that X’/(x) € (). On the other hand, let J| be the jacobian matrix (det J7 > 0) on
the transformation y = X7(x). We have,

lo o X\[* = f v(X,(x))? dx = J v(y)*(det 7)™ dy.

Since it holds that
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|det J{ — 1] = CAtullcowrcnys
we complete the proof. u

Remark. In [8] and [11] they proposed the scheme,

(n+1) __ (n) o Xn 1 1
d) A‘f 2 + E V- [qu(n+1) 4 Vd)(n)] — 5 (f(n+l) +f(n))(x)

¢ (0) = .

This scheme is better than the first-order characteristic scheme, but it is not a second-order
scheme. In fact, although it holds that

¢ — ¢ e X; (aqb )(HX;’

Ar o1 +u-Vo T tn+(l/2)> + 0(Ar),

3 (T4 4 V(1) = V(x. t0) + O(A)

and

1
2 (S + ) (x) = fx, tivam) O(AP).

However, the distance of the point (x + X3)/2 and x is O(Af), which reduces the total accuracy
to O(Ar).

lll. FORMULATION OF THE FINITE ELEMENT PROCEDURE

In this section, the mathematical framework and approximation properties are summarized and
we recall the most important fact for our purpose about the velocity/pressure finite element
method.

A. Finite Element Space

Let  C R? (d = 2, 3) be a polygonal domain and let T, be a triangulation on () made on
triangles K (in R?) or tetrahedrals (in R*). Thus, the computational domain is defined by

Q=UK, Keg,

We assume that T, uniformly regular, there exists (v, v;) such that voh =< hx = v,pg, Where
Qk 1s the diameter of the greatest ball included in K and h = maxgey hig. Let assume that
0 < h =< hy (hy = 1), and let W,, (resp. M,) be a finite element space, W, C H(Q) (resp. M,
C L%(Q)) associated with a partition T, of () and piecewise polynomial functions of some fixed
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degree [ (resp. [ — 1). We define W, = (W,)%, V,, = {v, € (H}Q)? | (V* v, ¢q,) = 0, Vg, €
M,}.

In the following, it will be assumed that the continuous and the discrete spaces are related by
the following hypotheses.

H,. There exists a positive constant C, such that

inf [”U - Uh”o,n + h||v - vh”l,!),] = Clhr+1||vh||r+l,(la (3.1
mEW),

Vo e HYQ) N H T Q) and Vr, 1 = r =< 1.

H,. There exists a positive constant C, such that

inf |lg — glloa = C:Hql.. (3.2)

qrEM)

VgEH Q) NLXD) andall r, 0 < r = 1.

H,; (Brezzi-Babuska condition). There exists a positive constant C5 such that

V-,
inf sup (V" % ) = C,. (3.3)

GhEM, 1EW), m -

Example 1. For any integer /, let P,(K) denote the usual polynomial space on K. Consider
the following choice of finite element spaces

W,={y, E (H(I)(Q))d | Uk € Pz(K)d VK € 3},

M,={q, €L NCQ) | g €EP(K) VKET,.

These satisfy the assumptions H; to H; with / = 2 and are usually referred to as the Taylor-Hood
finite element spaces.

Next, for u € LP(V) and p € LE(L3())), B € [1, =], we define (i, p,) € LE(W,) X LE(M,)
as the solution of the following problem:

find (&, p,) : [0, T] — W, X M, such that, forz € [0, T},
(V(u(t) = @,(1), Vo) = (V- 0, p(t) = pu(t)) =0 Vv, €W,
(V- (u(t) — @,(1), q,) =0 Vg, €M, (3.4)

The technique described in [13, 17] coupled with a duality argument and the H*-regularity of
the Stokes operator in regular domains yields the following result.

Lemma 3.1. Suppose that s is a real number, s = 1, and that hypotheses H, to H3 hold. If
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wELEAH*(Q)'NV)  and p€ELFH(Q) NLAQ), BE[L, ),

dﬁ_(d';?)
dr \dt)’

there exists a positive constant C, such that

then

[ = @) (]| oy + AL = @) (O]l + 10 = B (Ollen ]
= b ([ull o) + | Plecanay)

and

+h
LE(LA(Q))

= C,h" ([l o))
LA(H'(Q)9)

) - (5

forall v, 1 =r = min(l, s).

) (2

B. Construction of the Second-Order Lagrange-Galerkin Method

Let uj, and p), denote the approximations of the velocity and the pressure at r = t,. Then, we

define (u}™', pi*') € X, X M), as the solution of the following discrete problem:

v VAt
(duy"', u) + B (Vup"' + Vi o X;, Vo) + B (JiVuy o X, Vu,)

(MNS);" T T,
" _(V°Uh’ph+l) :E(f ! + "o X5, vy) Vv, €W,

(V- ”ZH, g =0 Vg, € M,,
where Jj, is a matrix defined by (J,); = du;,/dx; and

un+l _ M';(X” )
dtuzﬂ _ n\Ap2 ’
At
and we take the following approximation X}, = x — Afuj, and X}, = x — (At/2)(uj(x) + uj(X],))
of X, (x, t,,, *), solution of the initial value problem:

dx!
(x9 tn+1; S) = MZ(XZ()C’ tn+l; S)), tn =s< tn+l
ds
X;Il(x’ tn+1; tn+l) = X. (35)

Remark. The first-order characteristic finite element scheme is
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n+l n n
uy — uy © X, n+1 _ ) ntly — omtl Yo €W
Ar s o] v(Vuy Vo) = (Voo pi ) = (i, u) Up hs
Voui™ q) =0 Vg, € M),

which was studied in [7]. This scheme is symmetric in the unknown vector function u}*' and

unconditionally stable, these properties are also maintained in our scheme (MNS);"*".
Because (W,, M,) satisfies the inf sup condition (3.3), the problem (MNS){""" is also
equivalent to the following:

(MNSR)!"*V: Find u}*' € V, such that,

(2 gy = (G Yy, €V, (3.6)

where

VAt
MZ“””M;I, v) = (d,uZ“, v) + Vz(VuZH + Vuy ° X5, Vu,) + BN (1 Vuj, ° X1, V),

and
1
<gz+(l/2)7 vh> = 5 (fn+1 +f" ° XZI’ vh)'

The initial approximate velocity u!) will be chosen to be the H}(Q2)-projection of u, onto V.
If uy € H**'(Q)" N V, s = 1, and the hypotheses H, to H; hold, we have from Lemma 3.1,
that

o — upllo.o + hllue — uj)l;.0 = Csh"™! Vr:1=r=min(,s). (3.7)

IV. CONVERGENCE OF THE LAGRANGE-GALERKIN METHOD

The object of this section is to derive optimal error estimates for the second-order Lagrange-
Galerkin method. In the following C denote the generic positive constant independent of
discretization parameters, which can take different values at different places.

A. Main Result

In addition to hypotheses H; to Hj, the following inverse properties will be assumed to hold (see

[18]).

H,. Letrand p be reals with 1 = r, p = % and let / = 0 and m = 0 be integers such that
I = m. Then there exists a constant C = C(v,, v,, I, r, m, p) such that

Vy, €W, N Wr(Q) N W (), ”UhHm,p =Ch™ maX{O’millp}HUh

L (4.1)
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and

1—(1/d)
Vo, EW,  lullys = Ch‘-<"’2><Log h) o], (4.2)

In order to obtain optimal error estimates, we are led to make the following mesh restriction:
At = o(h"?) ash — 0. (4.3)
For this reason we define
84(h) = \JAth™™.

At this stage we study the approximation of particle trajectories. In the first we prove the
following results.

Lemma 4.1.  Assume that u, € H*> NV N C*'(Q), u € L*(H*(Q)) N C(V) N C(C*'(Q) and
that the hypotheses Hy to Hy and (4.3) hold. Furthermore, let \/Af|u(-, t,) — u})ll, o = C(h +
At?) Sfor all h € (0, hy), C is a positive constant, independent of n and (h, At). Then there exists
a constant hy € (0, hy] independent of n and At, such that

Atluilly . < 8y(R),  VYhE (0, k] (4.4)

Proof. Let us first show that Adluj]l,.. < 8,(h)/2. We define

1-(1/d)
D,(h) = h'_(m)<10g h) )

From the hypothesis Hy we have by virtue of (4.3), for & sufficiently small,

Atlluillo. = CALD (B)||ujl|, = CALD (h)(|[uf; — 'l + [[u"]})

= C\At D,(h)(h + Ar?) + CAtD(h)||u”,.
Hence, by virtue of (4.3) and for & sufficiently small we obtain that,
Atllujlly.. = C(JAr kD () + A \[At D,(h)) + CALD J(h)||uc(corgye < 84(h)/2.

The proof of the estimate Af|[Vu|,.. < 8,(h)/2 is similar because from the hypothesis H, we
have

AVl = Ch (AP + h) At + CAth |Vu| = Co(h)h~"(h + AP)
+ C(Sd(h)ZHMHC(Cm(Qd) < 8,,(h)/2

Hence, the proof of the lemma follows for i, = h,,. =
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Next, we establish the discrete analogue of Lemma 2.2 and one result concerning Gy(-) =
(1 - O)XZ(.? tn+l; tn) + OX(.’ tn+l; tn)

Lemma 4.2. Under the hypotheses of Lemma 4.1, there exists a constant h, in (0, hg],
independent of n and At, such that x — Xj;(x, t,.; t) (i = 1, 2) is a quasi-isometric
homeomorphism of Q) onto itself, for all h in (0, h,] and all t € [t,, t,,,], and there exists a
positive constant C independent of (At, h, n) and h, € (0, h,] such that for 0 = h =< h, the
jacobian j;; (i = 1, 2) of the mapping x — X},{x) satisfies

, 4.5)

ST

=1-C8;(h)=ji, =1+ Cd,(h) =

N —

C C 13
= 1= 5 8,2+ C8,(h) <jia =1+ 5 8,2+ C8,(R) =g .  (4.6)

0| L

Proof. We give only the proof for the case i = 1.
Lety = X},(x) = x — Anuj(x), we have y € () because

distance(y, 9Q) = min|x — Anuj(x) — Z|

€0

, R
min|jx —z— At | Vuj——
€00 |)C_Z|

X

I\

min|x — Z| X |1 - At||Vu7,||0,w|
€00

v

(1 = 8,(h)) X distance(x, d€}).
On the other hand, we have

Xy = X

X2
|X7§1(x1) - XZl(x2)| = |x; —x+ Alf Vu

X1

n
"=

v

lxs — x)[[1 — CALl|Vuio ..
= (1= 8,(h)|x, — x,

>

so for x; # x5, Xj,(x,) # Xj(x,), and the injectivity propriety of Xj, follow. Surjectivity is
proved by reductio ad absurdum. Let us first extend u} outside () to an open set Q,, Q C Q,
such that distance(RA\Q |, ) > 2d, where d = SUP,e0,1,194(h)- Suppose that Xj;, is not surjective
for some h € (0, h,]. Then there exists y, € () such that y, # X}, for all x € ). Consider the
closed ball B(y,, 2d) of radius 2d and define the mapping @ : O, — (), by

dx) =X, x€Q
d(x) =x x € O\,
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As ® is a continuous mapping, the set B = {®(x) | x € B(y,, 2d)} is simply-connected. Using
the Xj,-definition, we obtain by applying Lemma 4.1 that

|x — ®(x)| = At]uffo. < 84 Vx € Q,.

Hence, y, € int(B), which is a contradiction.
For the jacobian born, we have from the definition of X, and using the Einstein notation,

duy,;
ax;’

7

(VXZl>ij =8; — At i,j=1,2.

Hence,

duy,;
ax;

|(VXZ1)U| = ‘ 8; — At

s

)

=1 — AVl
Using Lemma 4.1 result there exists 0 < h; = h, such that for & = h; we have
[(V(X3)yl = 1 — C8,(h) ifi=j@,j=1,d)
and
[(VX;)l = C8,(h) ifi#jG,j=1,4d),
where C is a constant independent of (h, A¢). In the same way we prove that
(VX5 =1+ C8,(h) ifi=j@,j=14d)
and
|(VX),l = C8,(h) ifi#j@,j=14d).
Therefore, the jacobian and the 8,(-) definitions give the lower and the upper bounds of j;,.®

Concerning Go(-) = (1 — O X;(, 1,1 1,,) + 0X(, 1,1, 1,,), we give the following result. For
the sake of brevity we omit the proof, which is very similar to the last lemma.

Lemma 4.3. Assume that the hypotheses of Lemma 4.1 hold and N = T/At = C(T, u). Then
there exists hy € (0, h,] independent of n and At such that x — Go(x) = (1 — 0) Xj(x, 1,51, +
0X(x, t,4 1, t,) is quasi-isometric homeomorphism of () onto itself with a jacobian = % forall 6 €
[0, 1] and all h € (0, hs].

Also we use the discrete Gronwall’s lemma, which plays an important role in the following
analysis.
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Lemma 4.4. (Discrete Gronwall’s Lemma). Let At, H, and a,, b, c,, vy, (for integers n = 0),
be nonnegative numbers such that

! 1 1

a,+ At D, b, = At D, v,a, + At >, ¢, + H, forl1=0.

n=0 n=0 n=0
Suppose that Aty, < 1, for all n, and set o, = (1 — Aty,)”'. Then
I

At D e, +H

n=0

forl=0.

I I
a,+ At D b, = exp(At > o-,,y,,)

n=0 n=0

B. Error Bound: L™ (L%(€2)) and L3(H"(f2)) Estimates

For a Banach space Y normed by |

y» we define for 1 = p < oo,

Y 1/p
PO, T;Y) = {v: {ti, ...ty = Y| lollvory, = | At 2 ||v(t,-)||”y] < 00}
i=1
and
10, T: Y) ={v: {tr, . ... ty} = Y | [wlli=0.1:v) = max]o(t)]ly < oo}
I=i=M
In this section we suppose that
fe N CH N C(H) and  u, € H'( QYN Q)N V. 4.7

i=0,2

The corresponding solution (u#, p) of problem (MNS) will be assumed to satisfy some
regularity hypotheses. Also we assume that

At = O(h"e(h)) where g(h) — 0 as h— 0. (4.8)
With these assumptions, we have the following result.

Theorem 4.5. Assume that the hypotheses Hy to Hy and (4.3) to (4.8) hold. Then there exists
a positive constant C,, independent of (h, At) and h, € (0, hy) such that if problem (MNS)
admits a solution (u, p) with

u€ N CHNLHT Q) N (™)) N CV),

i=0,3
duldt € L*(H*"'(Q)9) N L*(H), D, € L*(H)

and  p € L*(H*) N L*(L3()), (4.9)
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then the solution (i, p}), == of (MNS)., (1 = i = M) satisfies

e, = ulli-aans + lluy = ulleg@ys = Co(h” + AP), (4.10)

where r: 1 = r = min(l, s) and Yh € (0, hy).
Proof. For notational simplicity in this proof, we note 8,(k) by 6,. According to (3.7), we
have

||u( L 1) — “2”09 =G = Co(h + AP),

lu(+, 1) — ’42”1,11 = C,h" = Co(h" + A7),

where C,, denotes an arbitrary constant = C,. Let us suppose that m is an integer, 0 =m = M —
1, and that we have already shown the estimates

0=i=k

i 12
max (- 1) = ufloq + (E AdlluC, 1) = uﬁll?,n) =Gy + AP).
i=1

We shall prove that (4.11) hold for k = m + 1 and by induction, this will complete the proof.

Let us introduce the functions e}, = u}, — i, and v}, = ' — @@}, | =i <k + 1, where u' =
u(+, ;) and i, = @(-, t;) is defined by (3.4). Formulation (WMNR)"* " and the exact consistency
equation yields that

v VAt
(d:elfzﬂ, ’Uh) + 5 (VeIZH + Vell; °© Xﬁl? Vvh) + T (JﬁAeﬁ ° X]I;l’ Vvh) = (Dt“(Yk, tk+(1/2))

VAt

14
5 (Vi © X, Vo) = (di™, ) = 5 (V"

— vAu(Y", tev(i2)> Up) —
" [ k k
+ Vit © X1, Vu,) + B} (N + fe X — AYS, Ler(12))s U
— (p(Y*, tvai)s Vo o), Vu, EV, (4.12)
where

x + X(x) At
Y¢(x) = =X uk(x).

Corresponding to s "?u and %, """, we define linear forms A**"/?y and F**'» on
(Hy( Q) for k = 0, ..., mby

<-9ﬁk+(”2)74, v) = (Du(Y*, Lir(i) — vAu(Y, L (12)s v)

and (FHH2 ) = (A, tivam)s v) + (p(Y*, tivam)s V 0).

In view of Equation (4.12) we can write that
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<~S&ﬁ+(”2)eh» ei(l-%-l) — <(glhc+(l/2) _ @k+(l/2))’ vh> + <(.Sﬂk+(1/2) _ 'Sﬁlhc-%—(l/Z))u’ U;,>
+ <‘Sﬂ'lh€+(l/2)nhs vh>9 V'Uh S Vh' (413)

The proof of Theorem 4.5 is established using the following three steps:

1. Prove the o} propriety and ||X}; — X¥| (i = 1, 2) estimate,
2. bound each term of the second member of (4.13) and
3. conclusion of the proof by using Lemma 4.4.

Step 1. Preliminary results. We prepare the corresponding following lemmas.

Lemma 4.6. (The s} "?-propriety). Under the hypotheses of Lemma 4.1, there exists a
constant Cs = C(u, v, v,) independent of k and (At, h), such that

1 1 v
(007, ef"1) = 2 e F = [elF] + 5 b — e Xl + & (1 = 8,)][Vel !

Xé - Xéh

v . —_
b Iwel Ve i = el + [

v
#3000 - o mel

Xt -
+ pan|| 22 A ek+l||2]'
Proof. From the definition of #{X*/? and H, hypothesis we have
k+1 k k k
eh —ehOXZ OX _eh th 1
e, ey = (B A ) (ATHTAE ) e
C(u) 1 | Xe :

= lleall’] = lesll” + 517 lle™ = el e X5|* = Cwo, v~ =+ enll llen™ |

Using Lemma 4.1 result, we estimate other terms of (4X*/? ) in the following way:

(Veﬁ“ + e 0 Xy, Ve ') = 4 [IIVeff‘II2 = (14 C8)[[Vejlf +[IVei™" + Vel o Xi[’]

v 3 v
= 2 Vel e =5 Vel | + % Vel + Veh o X,
and

*At(JZVeh X Ve ') =~ [(1 + C8)|Veil* + Vel 1]

3
=20 Iwel e+ el
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Therefore,

14
(sl ey, ) = 55 JeflFT + 5 ek = b X3 + (1= ) I¥el

k+1]12
2At e = 2Ar

k _ yk
’2

14
# SR+ Ve o X - | clnllelf + o, ([P,

IVeil®

)(]2c XZh

~di2
+h A7

e 1) + -1 = avell.

which completes the proof of the lemma result. =

Lemma 4.7. Under the hypotheses of Lemma 4.2 and Lemma 4.3, there exists a constant C
independent of (h, At) such that

X5 = X34 = CALAZ + [Juj, — u']]
and
X7 = X5l = Al = wj].

Proof. The definition of X5 and X%, give that

At 1
Xlzc - Xlzch = At[u(x 5 u*(x), tk+(l/2)) (uh(-x) + uh(X W) |-

Because

x+ Xt At
3 =x—7uk(x)

Yi(x) =

and using the Taylor’s formula we have

uk + u* o X¥

u(Ys, tivam) — 2 = C(u)Ar’.

From the result of Lemma 4.3 and the regularity assumption (4.9), we can see that
e (xy) = (XTI = [1X7 = X[ [IVu(Go(0))llo.< = Clu)|lxy = X3, .
On the other hand, Lemma 4.2 results imply that

1t = up) o X3l = (1 + C8llu* = wi].
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If we note C = max[C(u), 1 + C8,]), then, by the definition of X5 — X%, §, and the following
result:

X7 = Xl = Atlu* = u,

il

we complete the proof of the lemma. u

Step 2. The (4.13)-second member estimates. This step is divided into three results object of
the following lemmas.

Lemma 4.8. (Perturbation error). There exists a constant Cq = C(f) and C; = C(p, Q)
independent of (h, At) such that for all v, € V, it holds that

[((F2 = F02), )] = CeAr|uyl| + [ColIXT — XLl + CrA [V
Proof. In the first we have
k 1 +1 k k 1 +1 k
fY5 tevan) — 2 e X, v ) = LAY tevai) — B} e X,
1 k k
+ §<f< ° Xj _fk ° Xip Un)-

The relation (Y*, Lev1/2) = %[(X],‘(x), t) + (x, t; )] leads if we use the Taylor’s formula
that

1
<f(Yk, teva) — 2 (fkﬂ + o X1, Uh> = CAtzmaX“fHC'(Hz"(Q))HUIz”~
=02
On the other hand, we have
(ffeo X —fe Xt ) = “f* ° X} —fe leh”o,l“Uh”o,uc

= |Ix1 = Xl sl

1 af
JGM(Ge(')) do
0

where w = [G,(x) — Gy(0)/[|G,(x) — Gy(x)|]. Hence, the H, hypothesis and the regularity
assumption of the continuous solution yield

(f o X = f o Xip ) = CDW)XT = X3l Alconianl| Vol
Combining the last inequality, we prove the first part of the lemma result with

Cs = max(C max| f e 1) Clf leon)-
i 2

i=0,
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Now, remarking that (p,(-), v,) € M, X V,, and using the result of Lemma 2.3, we have

[(p(Y,, ), V0| = Clp = ) (-, ")V - .

Then from the H, hypothesis we obtain the second part of the lemma result with C;, =
C4||P||L’°(H'(Q))- n

Lemma 4.9. (Truncation error). It holds that, there exists a constant C,5 = C(u) (respectively,
C,4 = C(u)) is a constant independent of (h, At) such that, for all v € V, we have
X; — Xgh

2|

+ ClIXt = X0+ (VG = w)] + 3IX5, = XTIV o

k

|<(ﬂk+(1/2) _ &Ql{r(l&))u’ vh>| = C13|:Al2 +

Proof. Using Taylor’s formula and the regularity assumption (4.9), we have

M()C, tk+l) - M(XIZC’ tk)
At

= Du(Y*, tyrapm) + R,

where [RY| = CsAr* and Cg = C max,_gs|ull iy
Similarly,

1
HAuH(“Z) o Yk — 3 (AuF™t + Auk o XN|| = CoAL%. (4.14)

Co = C max,_g,|Aul|cigy>-iqy)- On the other hand, from the Sobolev’s imbedding theorems [18]
and Lemma 4.3 we can see

ukoxé_”k"xlﬁh Xg_Xéh !
( Al . Uy = T ||'Uh|| Vuk(G(;()) d0
0 0
Xé - Xéh
=C T Ar o],

where Cyo = C|Vullcogmzay).
Now Equation (2.3) yields that

(Au(+, 1) o X3, v)) = —(Vu(-, 1) ° X}, V) — Ae(JiVu" © X7, V)

N
+ 2 (RS v),  Vy €V, (4.15)

i=1

where [R]| = CA#*|lullcogr2q)- On the other hand,
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(Vuk o X}, — Vu o Xi, Vu,) = ||[Vu,| [V o X1, — Vb o X

L a(Vub)
Fm (Gy(+)) db
0

= [IVull IX7 = X3

0,

Hence, using the regularity assumption on the continuous solution, there exists a constant C;; =
Clull o7y such that

(Vu o X}, = Vut o X, V) = C)[[XF — X5, [V

In the end, we rewrite the last term in the <(&4ﬁ+(1/ D ety -) expression as the
following:

(I Vut o Xy, — JiVub o X1, V) = (13, Vub o (X7, — X7), V) + ((J5, = J)Vu' o X7, V).

By definition of J%, (respectively, J%), result of Lemma 4.2 and the regularity assumption (4.9)
we have

((J5, = JHVur o X5, Vo) = ||Vuk||0,w||V(u2' —u")| IVl

Then from the injection imbedding result (see [18]), there exists a constant C independent of (A,
Ar) such that

(1 = IDVut o X1, Vo) = Clut($[|V (el = a9 [V o]

Similarly we prove that

19 (Vu®)
g

(1 Vut o (X5, = X1), Vo) = [75]lo.-/1X1, — X j (Gy()) dbflo.o| Vil
0

= Cllu"[5[V o]l X5, — X4l.
Therefore, from Lemma 4.2 we have
VA[ k k k k k k k k k k
o (Jl,,Vu o Xy, — JiVu' o X, Vuy,) = Clzv[HV(u - “h)“ + 8d”th - Xl”] ||Vvh||'

Hence, the lemma result follow with C,; = max(C,, C,,) and C,, = max(C,,, Cy,). u

Lemma 4.10. (Interpolation error). It holds that there exists a constant C,s (respectively,
Ci¢ = C(u) and C\; = C(u)) such that
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14
Py, ) = 5 [V, Vel ™) = (T, Veh)]

L [h’ ( du
16
\/K

ar

Xé - le,z

+ ||uh||L2(tk,[k+l;H1(n))) + prtan) 5

||u||co(H.<m)} 1]
L2(trtk+1;L2())

+vCishllel”" + el o Xl + Cyvh|[ Ve, .

Proof. From the definition of (s} "®x,, -} we have

dk+(l/2) — d k+1 K V k+1 V ° V V ko k V
(A, M o) = (dy, ’Uh)+2( n, * TIh Xhl’ Uh)+ (J M ° X Vop).

Since it holds that

= °X’£ 6m
Az :

also using Lemma 4.3 result, it holds that

+ ||nh”Lz(tk»tkH;Hl(Q))}
L2(tx,tr+ 1:L2(8)))

k h k k 1
My © X5 — My ° X 1
At ) vh = E f (X]; - szZ) . Vn;(GO()) de, vh
0
k __ Xk
2 2
= 2H7At

Then it follows from the H, hypothesis that

u

o T —

h?
(dmi“, V) = C15|: (
(A

L2(tr.tr+1:L2(€)))
X; — X

+ hr (dI2)
At

||u||co<m<m>]

where C,5 = C,C.
To estimate the second term in the (&ﬂﬁ”“ 2)71;1’ -) expression, we first divide it into three
parts:

(V™) + V(n3) o X5, Ve, ') = [(Vn; ™, Ve, ') = (Y, Vey)]
+ (V”’]h ° leh, Velfiﬂ + Vei ° leh) + [(Vnﬁ, Ve',j) - (Vnﬁ lh’ Veh leh)]

We remark that
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(V. Veu) = (Vo Xi, Ve, © Xiy)

=J Vi Ve, dx—f Ve () ™" dx
Q

k
X1,(Q)

= f VmWh(l - (]hl l) dx.
Q

Then using Lemma 4.2 result, we have
(Vi Vel) = (Ve X1, Vej o X1y) = C8[[Vj| [IVei].
For the same motive, we have
(Vnh o X%, Veb™ + Veb o Xt, = (1 + C8)||Vni| [[Veh™ + Veb o X%,

Hence, from Lemma 3.1, we obtain

) (mG,“ + Vo Xy, Ve, ™) = 5 [(Vn’;i“ Ve, ™) = (Vm, Ve

+ vCy(1 + C8)h|ullcognay Vet + Vep o X3,/ + [Veil[].

We use a similar device and Lemma 4.1 to bound the last term in the (s{;" /%, -)
expression:

VATt B} P vC, .
N (Vo X, Vo) = N (1+C8,)8,1

which completes the proof of the lemma for Ci, = Cy,(1 + C8)|ul|cop(yy) and Cp; =
max[C,q, (C4/2)(1 + CS)|ull o cal- u

and ||e/|,20.7:'ry)- Substituting

Step 3. Conclusion of the proof. We estimate |
the results of Lemma 4.6 to Lemma 4.9 into (4.13), we obtain

1 v
o LIeb 2 = el + b = ebo X + % (1= BIVel 2 + & ved

F Vo XL = c5[||ez||2 N [Ch 20+ - ) + 3 (1 - 5,,)] Vel + ch-ar

dJu

bt P |+ el (|

+ ||uh||L:<,k,,A+l;H1(Q))> + Chr—(d/z)(Atz

sl
s

L2(tg, 15+ 1:L2(Q))

+ [lui, = uk||)||”||C°(H‘(Q)):| lei™ Il + Coa?lles ™| + [Coldllu* = wj]| + Con'T [[Vey™ | + C1s[Ar
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+ C(AP + b — D] 5| + CrarlAdlt — ul]] + (VG — )] + 8,A0Ju*
= w D] Ve + 5 [(V"nﬁ“ Ve,"') — (V, Vey)]
+ uCillel + el o X\ + Crovh| Vel

Summing up the above equation from £ = 0 to k = m and using the induction hypotheses:

k=m
> AVt = ub)|F = CUAR + 1)?, max|uf — Wl = Co(AF + 1)
k=0 0=k=m
k=m
and Y, AVl = C(A2 + W),
k=0

we get that there exists a constant C,3 = C(u), C,o = C(u), and h, = h, independent of (h, Ar)
such that for 7 € (0, h,] we have

k=m+1

1 vl 3v
e+ 5 (5= 8) 3 advell=| e+ 3 @ - spce|@e

k=1
m+1

+ Ci 2 Atflef]? + —[(Vnz”l Vep™!)y — (Val, Ve, (4.16)
k=0

Using the definition of e’,i, 0 =< k = m + 1, the estimates

Atv
_ (Vn;:l+1 Vezz+l) - ||V m+1||2 + CVAth2r||Mm||r+1,

and the Gronwall’s lemma, we get the result of the theorem by virtue of the result of Lemma
3.1. m

Remark. In the two-dimensional case, subject the mesh restriction Az = o(h) (respectively,
At = o(h" 2)), in [19] the author proves (respectively, [16]) that

= C,(At + I).

(I

Remark. For the Hood-Taylor mixed finite element method (see Example 1) Theorem 4.5
yields the optimal error estimates

d) + ”l/lh — MH[z(Hl(Q))u) = Co(hz + Al‘z).

”uh — ujj-

V. CONCLUSION

We have presented a new characteristic-mixed finite element scheme for Navier-Stokes equa-
tion, which is of second order in time increment. We have established optimal error estimates.
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In the future this result will be generalized to the Oldroyd derivative in the tensorial transport
problem and to transient viscoelastic fluid flows.

The authors thank referees for remarks. This work was supported partially by the CNRST-
CNRS Program STIC01/03 and by the CNRST-GRICES Portugal project.
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